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Abstract. The object of the present paper is to obtain a more general condition for univa- 
lence of meromorphic functions in the U* . The significant relationships and relevance with other 
results are also given. A number of known univalent conditions would follow upon specializing the 
parameters involved in our main results. 
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1. Introduction 

We denote by Ur the disk {z e C : |z| < r} , where < ?■ < 1, by U = Ui the open unit disk 
of the complex plane and U* — C\U, where U is closure of U. 

Let A denote the class of all analytic functions in the open unit disk U normalized by 

f{z) = z + a2Z^ + ... (zeV) 

and we denote by S the subclass of A consisting of functions which are also univalent in U. Closely 
related to iS is the class J2 of meromorphic functions in U* by 

fiO = K + b, + j + ... (CeU*) 

and stands for all functions from ^ with normalization b — 1 and bo — 0. These classes have 
been one of the important subjects of research in complex analysis especially, Geometric Function 
Theory for a long time (see, for details, 12 J. 

Two of the most important and known univalence criteria for analytic functions defined in 
U* were obtained by Becker [1 and Nehari [5]. Some extensions of these two criteria were given 
by Lewandowski [5] , [B] and Ruscheweyh [TT] . During the time, unlike there were obtained a lot of 
univalence criteria by Miazga and Wesolowski f7|, Wesolowski [13], Kanas and Srivastava [4] and 
Deniz and Orhan [2]. 

In the present paper we consider a general univalence criterion for functions / belonging to 
the class ^ in terms of the Schwarz derivative defined by 
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2. LOEWNER CHAINS AND RELATED THEOREM 

Before proving our main theorem we need a brief summary of the method of Loewner chains. 

Let C{z, t) — ai{t)z + 02(^)2;^ + ai{t) / 0, be a function defined on U x [0, 00), where ax{t) 
is a complex-valued, locally absolutely continuous function on [0, 00). C{z,t) is called a Loewner 
chain if C{z,t) satisfies the following conditions; 

(i) C{z, t) is analytic and univalent in U for all t e [0, 00) 

(ii) C{z, t) -< C{z, s) for all < t < s < 00, 

where the symbol " stands for subordination. If ai{t) = e* then we say that C{z,t) is a 
standard Loewner chain. 

In order to prove our main results we need the following theorem due to Pommerenke [9] (also 
see |10|). This theorem is often used to find out univalency for an analytic function, apart from 
the theory of Loewner chains; 

Theorem 2.1. Let C{z,t) = ai{t)z + 02(^)2^ + ... be analytic in for all t 6 [0, 00). Suppose 
that; 

(i) C{z,t) is a locally absolutely continuous function in the interval [0, 00), and locally uni- 
formly with respect to Vr- 

(ii) ai{t) is a complex valued continuous function on [0,oo) such that ai{t) ^ 0, |ai(i)| — 00 
for t ~¥ 00 and 

r£(z^i 

I ai{t) J tg[o,oo) 
forms a normal family of functions in U^. 

(iii) There exists an analytic function p : \] x [0,oo) — > C satisfying Rep(z,t) > for all 
2; G U, i e [0, 00) and 

(2.1) z^^^p{z,t)^^^, zeVr, te[0,oo). 

oz ot 

Then, for each t G [0,oo), the function C{z,t) has an analytic and univalent extension to 
the whole disk U or the function C{z,t) is a Loewner chain. 

The equation (12. ip is called the generalized Loewner differential equation. 

3. Univalence criterion for the functions belonging to the class J2 

In this section, making use of the Theorem 12.11 we obtain an univalence criterion for mero- 
morphic functions. The method of prove is based on Theorem 12 . 1 1 and on construction of a suitable 
Loewner chain. 
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Theorem 3.1. Let f,g 'E be locally univalent functions in U*. // there exists an analytic 
function h such that Re h{() > ^ and h(Q = 1 + + ... for e U*, and for arbitrary a E C we 
have 

(3.1) 



'CI^-(ICI^-i) 



+a(|C|'-lfiMC) 



1 



/"(c) 9"{cy^ 



no 5'(c) 



/'(C) g'iO 



for all C G U*, then f is univalent in U* 
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Proof. Without loss of generality we can consider the functions of the form 

/(C) = C + ^ + -and g(C) = C+| + ... 

since the Schwarzian derivative is invariant under Mobius transformations. Consider the functions 
defined by 



(3.2) 



«(C) 



g'iO 



/'(C) 



= 1 



V2_ 

2 



c 



a E 



where we choose this branch of the power (•)", which for C — > cx) has value 1, and 



(3.3) 



"(C) = /(C)f(C) = C + ^ + 



The functions u and v are meromorphic in U* since / and g do not have muhiplc poles and /' and 
g' are different from zero. 



For all t E [0, oo) and 4 = z G U the function / : Ur x [0, oo) C defined formally by 



(3.4) 



-(f) + (^-*-^*)iMf)-'(T) 

e*z + ^ie-P\z^), p=l,2,... 



is analytic in U since ^(e z^) is analytic function in U for each fixed t E [0, oo) and p — 1,2, ... 
From p.4p we have ai {t) — e* and 

lim |ai(t)| = lime* = oo. 
After simple calculation we obtain, for each z E V, 



lim 



lim L + ^{e-^P+^^\z^)\ 



t—^oo e 

The limit function k{z) = z belongs to the family {f{z,t)/e^ : t e[Q, oo)} ; then, there exists a 
number rg (0 < Tq < 1) that in every closed disk Um, there exists a constant Kq > 0, such that 

•^^""'^^ <Ko, ZEiJr„,tE [0,oo) 
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uniformly in this disk, provided that t is sufBcicntly large. Thus, by Montel's Theorem, {f{z,t) /e*} 
forms a normal family in each disk l]r„ ■ 

Since the function ^'(e-P*, z^) is analytic in U, ^^'^^ (e^P*, z^) fc e No = {0, 1, 2...} is continuous 
on the compact set, so \E'('^^ (e"''*, z^), fc S Nq is bounded function. Thus for all fixed T > 0, we can 
write e* < e'^ and we obtain that for all fixed numbers t G [0, T] C [0, oo) , there exists a constant 
Ki > such that 

dfiz,t) 



dt 



< Ki, Vz e Uro, t e [0,T] 



Therefore, the function f{z,t) is locally absolutely continuous in [0,cxd); locally uniformly with 
respect to Uro- 



After simple calculations from (|3.4p we obtain 



(3.5) 



and 
(3.6) 



where 
(3.7) 



df{z,t) 




dz 




m 


f (e-2* 




+(e-2* - 


e* 
l)-h 

z 



z z \ z 



(v!v — v'u) 



{u"v' - v"u') 



df{z,t) 



.(^)+(e--e^)i.(^).' 



n 2 



dt 

' ^ \- (e-2* + l)h (^\+ (e-2* + iflh' ( \ \ {u'v - v'u) 



>^f{z,t)/ 



z \ z 



{u"v' - v"u') 



a e 



(3.8) 



a 6 C 



(3.9) «V-^;V = a/'(^) ^(5^-5,) + 



2a 



/' 5' 



and M, u, u', v' , u" , v" are calculated at 



5 



Consider the function p : Ur x [0, oo) — > C for < r < ro and t E [0, oo) , defined by 

df{z,t) ^ df{z,t) 

From (|3.5p to (|3.9p . we can easily see that the function p{z,t) is analytic in U^, < r < tq. If the 
function 

P{z,i) - i _ dt 



(3.10) 



w^z, t) 



p(z,t) + l zdfiz^ dfiz^ 
' ' dz ^ dt 



is analytic in U x [0, oo) and \w{z, t)| < 1, for all z G U and t e [0, oo) , then p{z, t) has an analytic 
extension with positive real part (Rep(z, t) > 0) in U, for all t G [0, oo) . 



To show this we write p. 51) and (13.61) in the equation p.lOp . then we obtain 



(3.11) 



w{z, t) 



{ (l - h (4) + (e^'* " ^Yt^' (t)) K« - 
2e-2*^/i(^) (u'u- w'u) 

(e-2t _ i)^/i (^^^ _ „"w) + (e-2t _ l)2^/i2 (^i^^ (uV _ ^;'V)} 



1 - /i 



2e-2t£i/i(£i) (u'v-z;'u) 



(1-e-)- 



uv — vu 



and from ((X71) - (P^ for all 2; G U and t G [0, 00) 
(3.12) w{z,t) 




„2t\ 



(1 - 2a) 



+ae'\e-^'-lf — h[- 



2t 




The right hand side of the equation p. 121) is equal to 



w{z,0) 



HI) 



for t = 0. Thus, from hypothesis of theorem for i = C G U* we have 

1-/1(0 



MO 



^ 1. 



Since 



^ |e*| > 1 for all z G U and i > 0, we find that w(z, t) is an analytic function in U. Then 



putting — = G U*, C = CeS C = e* for |z| = 1, from (|3.12l) by assumption (13. ip replacing C by 



6 



^ we have 

\w{z,t)\ 



\c\' 



MC) 



(ICI -i)(,T(cr + (i-2-)77(^ + 



2a 



o2t 



Cg"(0 

.9'(0 
/"(O .9"(0 
/'(O 5'(0 



=^ 1. 

Therefore |?«(z, | < 1 for all z e U and t e [0, oo) . 

Since all the conditions of Theorem 12.11 are satisfied, we obtain that the function f{z,t) is 
a Loewner chain or has an analytic and univalent extension to the whole unit disk U, for all 
t e [0,oo) . 
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From p.2p - p.4p it follows in particular that 



and for i — C G U* we say that f{C) is univalent in U*. Thus the proof is completed. 



□ 



For a = in Theorem 13.11 we obtain following new result: 

Corollary 3.2. Let f (z"^ be locally univalent function in U*. If there exists an analytic function 
h with Reh{C) > ^ m U* and h{C) = 1 + ^ + ... such that 



(3.13) 



HO 



MO no 



s$ 1 



for all C G U*, then f is univalent in U*. 



For a = i in Theorem 13.11 we obtain univalence criterion given by Miazga and Wesolowski 
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Corollary 3.3. Let f,g G ^ be locally univalent functions in U*. // there exists an analyti 
function h with Keh{0 > h inV* and h{0 — 1 + j7 + ■■■ such that 



(3.14) 



I -HO 



^(0 
1 



Ch'iO , C5"(0 



+^(|cr-i)^^MO [{Sf{0-s,m 



HO g'iO 
^ 1 



for all C G U* , then f is univalent in U* 



For h{0 = 1 a-nd a = ^ in Theorem 13. II we obtain sufficient condition of Epstein type [3] on 
the exterior of the unit disk obtained earlier by Wesolowski [T3] . 
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Corollary 3.4. Let f,g ^"Yl, be locally univalent functions mU*. If the following inequality 



(3.15) 

is satisfied for all C G U* , then f is univalent in U* . 



1 



For /(C) = g{C)i ^(C) — 1 s-nd a — ^ in Theorein l3.1l we obtain well-known Becker's univalence 
criterion [1 in U*. 

Corollary 3.5. Let f be locally univalent function in U*. // the following inequality 

(3.16) (Id' - 1) ^SS^ 1 

is satisfied for all C G U* , then f is univalent in 



/'(C) 



For g{C,) — C, ^(C) — 1 and a = ^ in Theorem 13.11 we obtain Nehari type univalence criterion 
[H] in U*. 

Corollary 3.6. Let f (^"^ be locally univalent function in U*. If the following inequality 

(3.17) 1^/(01 ^ ^ 

is satisfied for all C 6 U* , then f is univalent in U* . 
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